In a liquid-hydrogen-fuel rocket engine system, a turbopump conveys fuel from a tank to the engine. A rotor in the pump can move axially to balance fluid force that works on it, and this mechanism is called "balance piston (BP)." In rare cases, however, an unsteady axial vibration of the rotor occurred while its rotational speed was decreasing after the engine had stopped, but its cause was still not unveiled. In this paper, we constructed a dynamic model that computes the fluid force and represents it in the form of added mass, added damping coefficient and added stiffness. By adding them to structural mass, structural damping coefficient and structural stiffness, we obtained total mass, total damping coefficient and total stiffness. We conducted simulations with the constructed model under various computational conditions and sought which factor brings about the unsteady vibration. Then, we found that pressure fluctuation at the inlet of the BP played significant role in added damping coefficient and added stiffness. Moreover, total damping coefficient became negative when the phase of the pressure fluctuation was around π/2, but total mass and total stiffness kept positive under any conditions. Therefore, we concluded that the main reason of the unsteady vibration of the turbopump is negative damping because of certain pressure fluctuation at the inlet of the BP.
INTRODUCTION
In a liquid hydrogen fuel rocket engine system, a turbopump is used to deliver fuel from the tank to the combustion chamber. Since large axial thrust is generated in the rotor of the turbopump, a component called balance piston (BP) is installed.
In the BP mechanism part of the fuel leaks in the rear face of the rotor, which generates fluid force to counteract the thrust caused by the main flow. Furthermore, when an imbalance of thrust occurs, the flow rate of the leakage flow is adjusted by free movement of the rotor so that the thrust is balanced autonomously. However, in an operation test of an actual engine, an unexplained axial vibration occurred in the turbopump in a transient state after the operation had stopped, and the pump was damaged. Since the frequency of the unstable vibration does not depend on the rotational speed of the rotor and coincides with the natural frequency of the rotor, it is assumed to be self-excited vibration. Nevertheless, the generation mechanism is unknown. Many researches have been investigated the cause of this vibration. Childs [1] analytically derived the fluid force acting on the pump using an incompressible bulk flow model. Kimura et al. [2] performed incompressible unsteady analysis of the entire BP using CFD and showed that it is possible to express the fluid force generated in BP by a linear equation of motion using added mass, added damping and added stiffness. Hayashi et al. [3] showed that the system becomes unstable when the compressibility is high by creating a simplified model regarding BP as a lumped constant system. We developed a bulk flow model by Childs [1] and constructed a dynamic model to calculate fluid force generated in axial symmetric leakage flow [4] . Furthermore, adding compressibility to the model, we found added damping coefficient and added stiffness can be negative when the compressibility is high [5] . In this paper, we refine the incorporation of compressibility into the model. Moreover, considering mass, damping coefficient and stiffness of the structure together, we clarify conditions of the unstable vibration. Figure 1 shows a sectional view of a turbopump. The bluepainted portion is the rotor, which can move in the axial direction. Also, the portion surrounded by the green frame is BP. Next, the axial vibration of the rotor is modeled by a springmass-damper system. Here, , and mean mass, damping coefficient and stiffness of the rotor structure, respectively.
ANALYTICAL METHOD Vibration Model
represents fluid force acting on the rotor from the balance piston. Furthermore, by expressing the fluid force using added mass , added damping coefficient and added stiffness , it is reduced to the free vibration system shown in Eq. (1) .
In the following, we refer to + , + and + as total mass, total damping coefficient and total stiffness, respectively. Self-excited vibration occurs when the total damping coefficient is negative, and divergence occurs when the total stiffness is negative. 
Compressibility Model
In this study, to consider the compressibility of liquid hydrogen, Eq. (2) is employed. (2) where density = 59.53 kg/m 3 , pressure = 3.713×10 6 Pa, a constant = 5.5617. is a constant which represents compressibility of fluid. Equation (2) represents the relationship between the pressure and the density of hydrogen at temperature and pressure near the actual operating conditions of the turbopump. Here, hydrogen is assumed to be a barotropic fluid, whose density is a function only of pressure, and the influence of temperature change is neglected.
Division of the Flow Path
To calculate the fluid force , the BP is divided into nine "sections" as shown in Fig. 2 . Furthermore, "intersection region" connecting the sections and "section border" connecting the section and the intersection region are imaginarily installed as shown in Fig. 3 . Then, three governing equations are formulated in each of them. They are solved from the entrance of the BP to the exit one after another to determine three unknowns (pressure , flow velocity in the direction of the flow path and circumferential flow velocity ) along the flow path.
FIGURE 2:
BP is divided into nine sections. 
Governing Equations of the Flow in the Sections
As the governing equations of the flow in a section, we use the bulk flow model of incompressible fluid by Childs [1] . Equations (3)- (5) are a continuity equation, a momentum conservation equation in the flow path direction ( -direction) and a momentum conservation equation in the circumferential direction ( -direction), respectively.
In this study, we consider the effect of compressibility by considering density in these three equations as a function of pressure as shown in Eq. (2) instead of a constant.
Governing Equations for the Intersection Regions
As the governing equations of an intersection region, following three equations are used: Bernoulli's equation, a continuity equation and an angular momentum conservation equation. In this study, compressibility is taken into consideration also in the intersection region. Bernoulli's equation of barotropic fluid is shown in the following:
By substituting Eq. (2) into Eq. (6), we obtain the Bernoulli's equation between the inlet and the outlet of intersection region as given by Eq. (7) . 
Considering the density in the intersection region as an average of the density of the inlet and the outlet, the continuity equation can be expressed as follows. 
The equation of angular momentum conservation is expressed by Eq. (10). 
Here, the suffix "supply" represents just before the entrance of the section; "exit" just after the exit; argument (0) just after the entrance; argument (L) just before the exit. Note that the "section borders" are imaginary ones, and these pressure losses are representatives of various kinds of losses between sections such as bending loss, rapid expansion loss and abrupt reduction loss. The continuity equation is defined by Eq. (13) at the section entrance and by Eq. (14) at the section exit.
The equation for angular momentum conservation is defined by Eq. (15) at the section entrance and by Eq. (16) at the section exit.
(0) = ,supply
Separation of Average Components and Disturbance Components
In this section, we separate the governing equations defined in the previous sections into average components and disturbance components of frequency . Regarding the variable ( , , ), it is separated into an average component 0 and a disturbance component as shown in the following. 
Furthermore, the disturbance components are linearized with respect to disturbance amplitude ̅ assuming the vibration minute. By applying this operation to the pressure , the flow velocity and , the width of the flow path and the density in the governing equations shown in Eqs. (3)- (5), (7), (9)-(16), governing equations of the average components and governing equations of the disturbance components are obtained.
Nondimensionalization
The governing equations are normalized using the following dimensionless quantities. 
=̃
̃=̃= seal1 + seal1 2 ,(19)
Calculation of Added mass, Added damping Coefficient and Added Stiffness
By solving the governing equations of the average components, we obtain the average components of the pressure and the flow velocity 0 , 0 and 0 . Then, with these values, we can solve the governing equations of the disturbance components and gain the disturbance amplitudes of the pressure and the flow velocity along the flow path ̅ , ̅ and ̅ . Next, we express them using the amplitude of axial vibration ℎ ̅ ,2 as follows. On the other hand, the fluid force can be calculated by the following equation using the disturbance component of pressure Here, the average pressure component 0 ( ) can be neglected by placing the fluid force balance point at the origin. represents the relative angle between the rotor wall surface and the rotor rotation axis. Substituting Eq. (22) Therefore, the added mass , the added damping coefficient and the added stiffness are expressed as follows.
= −̃2̃̃̃1
(30)
STRUCTURAL MASS, DAMPING COEFFICIENT AND STIFFNESS
The mass , the damping coefficient and the stiffness of the rotor were estimated as shown in Table 1 . The mass was estimated from the sectional view shown in Fig. 1 and the stiffness was obtained from the fact that the natural frequency of the rotor was 600 Hz. The damping coefficient was calculated assuming that the damping ratio was 5%. 
RESULT AND DISCUSSION Experimental data
An experiment was conducted to observe behavior of the BP and the liquid hydrogen in it during the transient state where rotational speed of the rotor naturally decreases after the engine had stopped. Figure 4 shows measured values of pressure at the inlet and the outlet of the BP, rotational speed of the rotor and clearance width at the second orifice (equivalent to BP position). The horizontal axes represent the elapsed time after the engine stopped. Although no self-excited vibration occurred in this experiment, a vibration at a frequency of about 600 Hz is observed from around 8 seconds.
Analysis using the Experimental Data
We conducted simulation with the model constructed in this paper adopting the experimental data shown in Fig. 4 with respect to the four variables: the second orifice clearance width 2 , the rotor rotational speed , the pressure at the inlet of the BP 0,BPinlet and the pressure at the outlet of the BP 0,BPoutlet . Other conditions are as shown in Table 2 while pressure fluctuation at the inlet and the outlet of the BP (hereinafter called boundary pressure fluctuation) was set to 5 kinds from (A) to (E) as shown in Table 3 . The phase of the pressure fluctuation is a value relative to that of the axial vibration of the rotor. Figure 5 shows the results of the simulation. The vertical axes are normalized by the structural mass , the structural damping coefficient and the structural stiffness . The horizontal broken line represents , and , which become 1 by normalization. Figure 5 (a) shows the time series change of the total mass. Although the added mass is initially negative for a while after the engine stopped, the total mass keeps positive throughout because the structural mass is sufficiently larger than the added mass. Figure 5 (b) shows the time series change of the total damping coefficient. In the conditions (C) and (E), the total damping coefficient can be negative. Since the total damping Table 3 FIGURE 4: Experimental results of pressure (upper) and rotational speed of the rotor and clearance (lower) of orifice 2. Table 3 Boundary pressure fluctuation.
Unsteady oscillation is possible from 8 s.
coefficient under condition (C) is almost always negative, a possibility of self-excited vibration is the highest when the phase of boundary pressure fluctuation is around π/2. Also, the simulation result does not change much from 2 seconds to 9 seconds. On the other hand, the unstable vibration in the real engine occurred 8 seconds after the engine had stopped.
Therefore, it is presumed that the fluctuation of pressure with a specific phase, which did not exist just after the engine had stopped but is generated at some time for some reason, makes total damping coefficient negative; that induces self-excited vibration. Figure 5 (c) shows the time series of total stiffness. Although the added stiffness is negative under the conditions (B) and (C), the total stiffness keeps positive. Finally, the total mass, the total damping coefficient and the total stiffness are always positive when the pressure fluctuation is absent (condition (A)), which means the vibration is stable. Note that the pressure fluctuation is given to both the inlet and the outlet of the BP in this analysis, but only the former affects the result. Another analysis reveals this fact but is omitted in this paper.
CONCLUSION
In this study, the fluid force generated in the balance piston was modeled to elucidate the cause of the axial vibration observed in the rotor of the liquid hydrogen turbopump. By checking the signs of total mass, total damping coefficient and total stiffness calculated from the model, stability of the axial vibration of the rotor was analyzed. As a result of analysis with the experimental time series data, we showed that the total damping coefficient becomes negative and the self-excited vibration may occur when the phase of boundary pressure fluctuation is around π/2. In any of the analyzes carried out, the vibration did not become unstable in the absence of the boundary pressure fluctuation.
